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Abst rac t - -A  Lyapunov function for the analysis of a class of reaction-diffusion systems is pre- 
sented. The Lyapunov function reduces the system to a single reaction-diffusion equation for which 
the max imum principle can be applied. The method is limited in its applicability, but very quickly 
yields important results when it can be used. An  application to an epidemiological system is given. 
I. ANALYS IS  
In this note, we  consider an interesting method  for the reaction-diffusion system 
ut - OAu + r (u )Av  = y(u, v), 
vt - A(v)Av  = g(u, v), 
with homogeneous Neumann boundary conditions 
in ~ × (0, ¢c), 
(1.1) 
in ~ × (0, oo), 
uv = vv = 0, on Of/× (0, +co), (1.2) 
and initial conditions 
u(x,O)=uo(x) ,  v(x,O) = vo(x), in ~, (1.3) 
where ~ is an open-bounded set in R N (N = 1, 2 in practice) with regular boundary c912 and 
outer normal u(x). The functions F, A, f ,  and g satisfy 
1. r, A, f, g ~ C°°(R +, R+); 
2. 0 > 0, A(0) = ~ > 0, r(0) = 0, r is increasing; 
3. (0 - h(u) ) f (u ,  v) ÷ g(u, v)r(u)  < 0; 
a. r (u )h ' (u )  + (0 - h (u ) ) r ' (u )  > 0; 
5. F(u)  = f~u. (A(s) - 0) / ( r (s) )  ds > 0; u. a positive constant, 
6. limu-.+oo F(u) = +oo. 
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The trick is to introduce the function w given by 
w(x ,  t) = v + j~u  8 - A(u(x, s)) ds, u > u . .  (1.4) 
. r(u(x, s)) 
The function w, which can be viewed as the density of the free energy of the system, satisfies 
8-  A(u) 0 -  A(u) u 
wt = r(u) eau + e~v + g(u, v) + ~ f (  , v), 
h'(u) F'(u) \ 8 - h(u) Au. 
A~= Av+ -r(u---7 + (n (u) - ° ) r - -~)  Ivul~ + r(u-----y- 
We clearly have 
w, - e~w = {g(u,  v) + e - A(u) h'(u) F---~--f(u'v)} { r(u) 
Using Conditions 3 and 4, we obtain 
r'(~) 
- - -  + (A(u) - o) r--~- ~ ~ ivu) ~. 
wt - OAw < O, in ~ x (0, co), 
w~ = 0, on 0fl x (0, co), 
w(x ,  O) = wo(x) ,  in ft. 
(1.5) 
The last system may be analysed using the maximum 
obtained via identity (1.4). It should be noticed that 
Kouachi [1] and Capasso, Di Liddo and Maddalena [2], 
principle. Estimates on u and v can be 
the same idea was used by Kirane and 
although not in such generality. 
2. AN APPL ICAT ION TO A MODEL FOR THE 
SPREAD OF  INFECT IOUS D ISEASES 
Consider the system proposed in [3, p. 172] derived from the Kermack and McKendrick [4] 
epidemic model, namely 
ut - 8Au  = 6uAv - j3uv, in ~ × (0, co), 
vt - ~oAv = 7uAv +/3uv  - Av, in ~ x (0, co), 
with boundary conditions 
u~ = v~ = 0, on 0~ x (0, co), 
and initial conditions 
(2.1) 
(2.2) 
0 < u(x ,  O) = uo(x)  < M,  0 < v(x ,  O) = vo(x)  < M,  in f/. (2.3) 
The constants in (2.1) are such that 
0#7<& 
Here, u and v represent the nondimensional population densities of susceptibles and infectives, 
respectively. We shall consider the question of boundeness of u and v which is important for the 
existence of solutions to (2.1). The new unknown w now reads 
with 
w = -v+u-H-  Hlog 
7 
H= 8-~o >0, 
7 
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which certa in ly  satisfies 
wt - SAw < O, in ~ x (0, oo), 
w~ = 0, on 0~ x (0, co), (2.4) 
0 < w(x ,  O) <_ C, in 12. 
At  th is  stage, we ment ion that  the question of solvabi lty of the large system (2.1) and the large- 
t ime behavior  of bounded solutions are addressed in [2]. 
REMARK 2.1. If we allow 0 to depend on u, using the unknown w with O = O(u), we end with 
the differential inequal i ty 
wt  - O(u)Aw <_ O, 
which is of l i tt le help unless we a l ready know that  u is bounded. But  it seems to us that  it is a 
difficult problem to obta in  an L °° bound on u for systems of the form (1.1) with 0 = O(u). 
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